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Abstract
The following characterization of fully closed maps is proved: a quotient map between regular spaces is fully closed if and only
if it coincides with the fiber product of elementary maps between regular spaces.
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1. Introduction
Fully closed maps were introduced in 1968 by V.V. Fedorchuk [1] and have found since many applications; a recent
work [2] contains a detailed account of the topic. The simplest examples of fully closed maps are provided by the
elementary maps, i.e., quotient maps with at most one non-trivial fiber. The following theorem shows that a big class
of fully closed maps can be described in terms of elementary maps:
Theorem 1. (V.V. Fedorchuk [3]) Let X and Y be regular spaces and f :X → Y be surjective map with compact
fibers. Then f is fully closed if and only if it coincides with the fiber product of elementary maps between regular
spaces.
In this note we prove that the condition of compactness of fibers in Theorem 1 can be replaced by the condition that
f is quotient (Corollary 13). This gives a characterization of the whole class of surjective fully closed maps between
regular spaces. We use some results and ideas from the work of Richardson and Watson [4].
All topological spaces are assumed to be T1 and all maps are assumed to be continuous. The neighborhoods are
not necessarily open.
2. Star decompositions
Let X be a topological space and D be a decomposition of X, i.e., a disjoint cover of X consisting of nonempty
sets. We say that D is a star decomposition of X if for every x ∈ X and every neighborhood U of x there exists
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St(x,D) =⋃{D ∈D: x ∈ D}. It is easy to see that if D is a star decomposition of X then all D ∈D are closed in X.
In the case of metric spaces the definition of star decomposition can be given a particularly elegant form:
Proposition 2. Let D be a decomposition of a metric space (X,d). Then D is a star decomposition of X if and only if
diam(St(t,D)) → 0 whenever t → x and t /∈ St(x,D).
Proof. Necessity. Let x ∈ X and ε > 0. Since D is star, there exists a neighborhood U of x such that St(t,D) ⊂
B(x, ε/3) = {y ∈ X: d(x, y) < ε/3} for every t ∈ U \ St(x,D). Consequently, diam(St(t,D)) < ε for every t ∈
U \ St(x,D).
Sufficiency. Let x ∈ X and let U be a neighborhood of x. Take ε > 0 such that B(x, ε) ⊂ U . There exists ε1 > 0
such that diam(St(t,D)) < ε/2 for every t ∈ B(x, ε1) \ St(x,D). Set ε2 = min(ε/2, ε1). We have St(B(x, ε2),D) ⊂
U ∪ St(x,D). 
Proposition 3. Let D be a decomposition of X. The following are equivalent:
(1) D is a star decomposition.
(2) For every x ∈ X and every open U ⊂ X the set Ux = {t ∈ U : t ∈ St(x,D) or St(t,D) ⊂ U} is open in X.
(3) For every x ∈ X and every neighborhood U of x there exists an open neighborhood V ⊂ U of x such that
St(V ,D) = V ∪ St(x,D).
Proof. (1) ⇒ (2): Let t ∈ Ux . Then there exists a neighborhood V of t such that V ⊂ U and St(V ,D) ⊂ U ∪St(t,D).
We will show that V ⊂ Ux . Consider w ∈ V . If w /∈ St(t,D) then St(w,D) ⊂ U , therefore, w ∈ Ux . Now let w ∈
St(t,D). If t ∈ St(x,D) then w ∈ St(x,D), and if t /∈ St(x,D) then St(w,D) = St(t,D) ⊂ U . In both cases w ∈ Ux .
(2) ⇒ (3): Let x ∈ X and U be an open neighborhood of x. We have x ∈ Ux ⊂ U and St(Ux,D) = Ux ∪ St(x,D).
Implication (3) ⇒ (1) is obvious. 
A map f :X → Y is called star [4] if for every x ∈ X and every open neighborhood U of x the set f−1(f (x)) ∪
f −1f #U is a neighborhood of x. Here f #U = {y ∈ Y :f −1(y) ⊂ U}. A map f :X → Y satisfies condition (A) [1,5]
if for every y ∈ Y and every open U ⊂ X the set Uy = (f −1(y) ∩ U) ∪ f−1f #U is open in X.
Proposition 4. The following are equivalent:
(1) f :X → Y is star.
(2) f satisfies condition (A).
(3) Fibers of f form a star decomposition of X.
Proof. The equivalence of (1) and (3) and implication (2) ⇒ (1) are obvious.
(3) ⇒ (2): Let y ∈ Y and U be an open subset of X. By Proposition 3 the set Ux = (f −1(f (x)) ∩ U) ∪ f−1f #U
is open for every x ∈ X. If y ∈ f (X) then Uy = Ux , where x ∈ f−1(y). If y ∈ Y \ f (X) and Uy = ∅ then Uy = Ux ,
where x ∈ Uy . Therefore, Uy is open in X. 
Proposition 5. If f :X → Y has at most one non-trivial fiber, then f is star.
Proof. Let y ∈ f (X) be such that |f −1(y′)|  1 for all y′ ∈ Y \ {y}. Since Y is T1 and f is continuous, the fiber
f −1(y) is closed in X. Therefore, {f −1(y)} ∪ {{x}: x ∈ X \ f −1(y)} is a star decomposition of X. By Proposition 4
f is star. 
Recall that a map f :X → Y is closed at y ∈ Y if for every neighborhood U of f −1(y) there exists a neighbor-
hood V of y such that f−1(V ) ⊂ U . In other words, f is closed at y if for every neighborhood U of f −1(y) the set
f #U is a neighborhood of y. A map f :X → Y is fully closed at y ∈ Y [2] if for each finite cover U of f−1(y) by
open in X sets, the set {y} ∪⋃ f #U is a neighborhood of y; f is fully closed if it is fully closed at every y ∈ Y .U∈U
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and each closed in X subset P of X such that y /∈ P there are disjoint open in X sets U and V such that y ∈ U and
P ∩ Y ⊂ V . If X is regular or X is Hausdorff and Y is compact then Y is regular in X.
The second part of the following proposition generalizes Lemma 2 in [1].
Proposition 6. A quotient star map f :X → Y is fully closed. Conversely, if surjective map f :X → Y is fully closed
and bdf−1(y) is regular in X for every y ∈ Y then f is a quotient star map.
Proof. Let f :X → Y be a quotient star map. Let y ∈ Y and U be a finite cover of f −1(y) by sets open in X. By
Proposition 4 for each U ∈ U the set Uy = (f −1(y) ∩ U) ∪ f−1f #U is open in X. Set O = {y} ∪⋃U∈U f #U . We
have f−1(O) = f −1(y) ∪⋃U∈U f−1f #U =
⋃
U∈U Uy . Since f is quotient, O is open in Y .
Let f :X → Y be a surjective fully closed map. A map f is quotient since it is closed. We shall prove that D =
{f −1(y): y ∈ Y } is a star decomposition of X. Let U be an open neighborhood of x ∈ X and Dx = f−1(f (x)) =
St(x,D). If x ∈ intDx then St(intDx,D) = Dx ⊂ U ∪ St(x,D). Assume now that x ∈ bdDx . There exist disjoint
open in X sets W and W ′ such that x ∈ W ⊂ U and (bdDx) \U ⊂ W ′. Since {U,W ′, intDx} is an open cover of Dx ,
the set O = {f (x)} ∪ f #(U) ∪ f #(W ′) is a neighborhood of f (x). Then V = W ∩ f −1(O) ⊂ U is a neighborhood
of x. If t ∈ St(V ,D) \ Dx then f−1(f (t)) ∩ W = ∅, hence f −1(f (t)) ⊂ W ′ and f (t) /∈ f #(W ′). Since f (t) ∈ O , we
have f (t) ∈ f #(U) and t ∈ U . Therefore, St(V ,D) ⊂ U ∪ St(x,D). 
Example 7. Fully closed surjective map between Hausdorff spaces which is not star. Let X = R2 and T be the usual
topology on X. Consider the following Hausdorff topology on X: τ = {U ∈ T : if x0 ∈ U then there exist a ∈ R
and V ∈ T such that [a,+∞) × {0} ⊂ V and V ∩ X+ ⊂ U}, where x0 = (0,0) and X+ = R × (0,+∞). Set D =
{D0} ∪ {Dnm: n,m = 1,2, . . .} ∪ {{x}: x ∈ X \ (D0 ∪⋃n,m Dnm)}, where D0 = R× {0} and Dnm = {(n,1/m)} ∪{(n,−1/m)}. Let f : (X, τ) → Y be a quotient map corresponding to decomposition D. It is easy to see that Y is
Hausdorff. Let U ⊂ τ be the finite cover of D0. For every x ∈ D0 there exists εx > 0 such that B(x, εx) = {p ∈
X: ‖p − x‖ < εx} ⊂ U for some U ∈ U . Set V =⋃x∈D0 B(x, εx). We have V ∈ τ and St(V ,D) = V , therefore,
f (V ) is open in Y . Also f (x0) ∈ f (V ) = {f (x0)} ∪⋃x∈D0 f #B(x, εx) ⊂ {f (x0)} ∪
⋃
U∈U f #U . Thus, f is fully
closed at f (x0). A similar argument shows that f is fully closed at every other y ∈ Y . Set U0 = B(x0,1) ∪ X+ ∈ τ .
Obviously, if x0 ∈ V ∈ τ then St(V ,D) ⊂ U0 ∪ D0. Therefore, D is not a star decomposition of (X, τ).
A map f :X → Y is called net invariant [4] if for every x ∈ X and every nets (sα)α∈A and (tα)α∈A in X the
following condition holds: if s → x and f (sα) = f (tα) = f (x) for every α ∈A, then t → x.
Proposition 8. A map f :X → Y is star if and only if it is net invariant.
Proof. Necessity is proved in [4, Theorem 5].
Sufficiency. Assume the contrary; then by Proposition 4D = {f−1(y): y ∈ f (X)} is not a star decomposition of X.
Therefore, there exists a neighborhood U of some x ∈ X with the following property: for every neighborhood V ⊂ U
of x there exists DV ∈D \ {St(x,D)} such that DV ∩ V = ∅ and DV ⊂ U . Let V be the family of all neighborhoods
V ⊂ U of x partially ordered as follows: V1  V2 if and only if V2 ⊂ V1. There exist the nets (sV )V∈V and (tV )V∈V
in X such that sV ∈ DV ∩ V and tV ∈ DV \ U for every V ∈ V . We have s → x, t → x, and f (sV ) = f (tV ) = f (x)
for every V ∈ V ; this contradicts the assumption that f is net invariant. 
Let fi :Xi → Y (i ∈ I ) be a family of maps. A fiber product (or pull-back) of this family is a map f :X → Y ,
where X = {x ∈∏i∈I Xi : fj (xj ) = fk(xk) for all j, k ∈ I } and f :x → fi(xi).
Proposition 9. A fiber product f :X → Y of star maps fi :Xi → Y (i ∈ I ) is star.
Proof. Let x ∈ X and nets (sα)α∈A and (tα)α∈A in X are such that s → x and f (sα) = f (tα) = f (x) for all α ∈A.
For every i ∈ I the net (pri (sα))α∈A converges to xi and fi(pri (sα)) = fi(pri (tα)) = fi(xi) for all α ∈A; therefore,
by Proposition 8 (pri (tα))α∈A converges to xi . This means that t → x; the result now follows from Proposition 8. 
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The proof of the following lemma is easy.
Lemma 10. Let f :X → Y and x ∈ X be such that f −1(f (x)) = {x}. Then f :X → Y is closed at f (x) if and only if
for every net (sα)α∈A in X the condition f (s) → f (x) implies s → x.
The following construction [3] plays a key role. Let f :X → Y be (continuous) map. For every y ∈ Y consider the
following decomposition of X: Dy = {f −1(y′): y′ ∈ f (X) \ {y}} ∪ {{x}: x ∈ f −1(y)}. Let f y :X → Yy be quotient
map corresponding to decompositionDy . Note that spaces Yy (y ∈ Y) are T1. For every y ∈ Y there exists a canonical
map πy :Yy → Y . Let π :Π → Y be the fiber product of all maps πy (y ∈ Y), and h :X → Π , x → (f y(x))y∈Y , be
a canonical bijection. We have f = π ◦ h. Note that maps πy (y ∈ Y), π , and h are continuous.
Proposition 11. The following conditions are equivalent:
(1) f :X → Y is star.
(2) For every y ∈ Y the map f y :X → Yy is closed.
(3) For every x ∈ X the map f f (x) :X → Yf (x) is closed at f f (x)(x).
(4) h :X → Π is a homeomorphism.
Proof. (1) ⇒ (2): Let B be a closed subset of X and let U = X \ B . By Proposition 4 the set Uy = (U ∩ f−1(y)) ∪
f −1f #U is open in X. Since f y is quotient and Uy = (f y)−1f yUy , the set f y(Uy) is open in Yy . We have f y(Uy) =
(f y)#U , therefore, f y(Uy) = Yy \ f y(B). Consequently, f y(B) is closed in Yy .
Implication (2) ⇒ (3) is obvious.
(3) ⇒ (4): Consider x ∈ X and the net (sα)α∈A in X such that h(s) → h(x). Let prf (x) denote the canonical
projection∏y∈Y Y y → Yf (x). Then a net (prf (x)(h(sα)))α∈A = (f f (x)(sα))α∈A in Yf (x) converges to prf (x)(h(x)) =
f f (x)(x). By Lemma 10 the net s converges to x. Using Lemma 10 once more, we obtain that h :X → Π is closed
at h(x). Therefore, h :X → Π is a closed bijection and hence a homeomorphism.
(4) ⇒ (1): By Proposition 5 the map πy :Yy → Y is star for every y ∈ Y . It follows from Proposition 9 that
π :Π → Y is star. 
A map f :X → Y is called elementary [2] if it is quotient and has at most one non-trivial fiber.
Theorem 12. A map f :X → Y is star if and only if it coincides with the fiber product of maps with at most one
non-trivial fiber. If f :X → Y is a quotient star map then f coincides with the fiber product of elementary maps. If
f :X → Y is a quotient star map and spaces X and Y are Hausdorff (respectively, regular) then f coincides with the
fiber product of elementary maps between Hausdorff (respectively, regular) spaces.
Proof. The first statement follows from Propositions 5, 9, and 11. If f :X → Y is a quotient map then all maps
πy :Yy → Y (y ∈ Y) are quotient. If f :X → Y is a surjective star map between Hausdorff spaces then by Proposi-
tion 4 f satisfies condition (A) and by Lemma 3 in [5] all spaces Yy are Hausdorff. If f :X → Y is a quotient star
map between regular spaces then by Proposition 6 f is fully closed and by [2, (II.1.6)] all spaces Yy are regular. 
Corollary 13. A quotient map f :X → Y between regular spaces X and Y is fully closed if and only if it coincides
with the fiber product of elementary maps between regular spaces.
Proof. This follows immediately from Proposition 6 and Theorem 12. 
Using the fact that the fiber product of perfect maps between Hausdorff spaces is perfect [2, (II.2.10)], it is easy
to obtain Theorem 1 from Corollary 13. Note that “regular” in Theorem 1 can be replaced by “Hausdorff” (see
Proposition 6 and Theorem 12).
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